Introduction {#Sec1}
============

Description Logics (DLs) \[[@CR3], [@CR7]\] are a well-investigated family of logic-based knowledge representation languages, which are frequently used to formalize ontologies for application domains such as the Semantic Web \[[@CR27]\] or biology and medicine \[[@CR26]\]. To define the important notions of such an application domain as formal concepts, DLs state necessary and sufficient conditions for an individual to belong to a concept. These conditions can be Boolean combinations of atomic properties required for the individual (expressed by concept names) or properties that refer to relationships with other individuals and their properties (expressed as role restrictions). For example, the concept of a father that has only daughters can be formalized by the concept description$$\documentclass[12pt]{minimal}
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                \begin{document}$$ C := \lnot Female \sqcap \exists \textit{child}.\textit{Human} \sqcap \forall \textit{child}.\textit{Female}, $$\end{document}$$which uses the concept names *Female* and *Human* and the role name *child* as well as the concept constructors negation ($\documentclass[12pt]{minimal}
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                \begin{document}$$ \textit{Human} \sqsubseteq \forall \textit{child}.\textit{Human} \ \ \text{ and }\ \ \exists \textit{child}.\textit{Human} \sqsubseteq \textit{Human} $$\end{document}$$say that humans have only human children, and they are the only ones that can have human children.

DL systems provide their users with reasoning services that allow them to derive implicit knowledge from the explicitly represented one. In our example, the above GCIs imply that elements of our concept *C* also belong to the concept $\documentclass[12pt]{minimal}
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                \begin{document}$$D:= \textit{Human}\,\sqcap \,\forall \textit{child}.\textit{Human}$$\end{document}$, i.e., *C* is subsumed by *D* w.r.t. these GCIs. A specific DL is determined by which kind of concept constructors are available. A major goal of DL research was and still is to find a good compromise between expressiveness and the complexity of reasoning, i.e., to locate DLs that are expressive enough for interesting applications, but still have inference problems (like subsumption) that are decidable and preferably of a low complexity. For the DL $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {ALC}$$\end{document}$, in which all the concept descriptions used in the above example can be expressed, the subsumption problem w.r.t. GCIs is ExpTime-complete \[[@CR7]\].
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                \begin{document}$$\mathcal {ALC}$$\end{document}$ cannot refer to concrete objects and predefined relations over these objects when defining concepts. For example, a constraint stating that parents are strictly older than their children cannot be expressed in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {ALC}$$\end{document}$. To overcome this deficit, a scheme for integrating certain well-behaved concrete domains, called admissible, into $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {ALC}$$\end{document}$ was introduced in \[[@CR4]\], and it was shown that this integration leaves the relevant inference problems (such as subsumption) decidable. Basically, admissibility requires that the set of predicates of the concrete domain is closed under negation and that the constraint satisfaction problem (CSP) for the concrete domain is decidable. However, in this setting, GCIs were not considered since they were not a standard feature of DLs then,[1](#Fn1){ref-type="fn"} though a combination of concrete domains and GCIs would be useful in many applications. For example, using the syntax employed in \[[@CR33]\] and also in the present paper, the above constraint regarding the age of parents and their children could be expressed by the GCI which says that there cannot be a human whose age is smaller than the age of one of his or her children. Here $\documentclass[12pt]{minimal}
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                \begin{document}$$\textit{age}$$\end{document}$ is a concrete feature that maps from the abstract domain populating concepts into the concrete domain of natural numbers, and \> is the usual greater predicate on the natural numbers.

A first indication that concrete domains might be harmful for decidability was given in \[[@CR6]\], where it was shown that adding transitive closure of roles to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {R}$$\end{document}$ based on real arithmetics, renders the subsumption problem undecidable. The proof of this result uses a reduction from the Post Correspondence Problem (PCP). It was shown in \[[@CR31]\] that this proof can be adapted to the case where transitive closure of roles is replaced by GCIs, and it actually works for considerably weaker concrete domain, such as the rational numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$+_1$$\end{document}$ for incrementation. In \[[@CR7]\] it is shown, by a reduction from the halting problem of two-register machines, that undecidability even holds without binary equality. In the present paper, we will improve on this result by showing that, even if $\documentclass[12pt]{minimal}
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To regain decidability, one can either impose syntactic restriction on how the DL can interact with the concrete domain \[[@CR22], [@CR36]\]. The main idea is here to disallow paths (such as $\documentclass[12pt]{minimal}
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                \begin{document}$$\textit{child}\,\textit{age}$$\end{document}$ in our example), which has the effect that concrete domain predicates cannot compare properties (such as the age) of different individuals. The other option is to impose stronger restrictions than admissibility on the concrete domain. After first positive results for specific concrete domains (e.g., a concrete domain over the rational numbers with order and equality \[[@CR30], [@CR32]\]), the notion of $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============
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From a mathematical point of view, concrete domains are relational structures. A *(relational) signature* $\documentclass[12pt]{minimal}
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One possibility to obtain an expansion of a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$-structure is to use formulas of *first-order logic* (FO) over the signature $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ to define new predicates, where a formula with *k* free variables defines a *k*-ary predicate in the obvious way. We assume that equality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$=$$\end{document}$ as well as the symbol $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {false}$$\end{document}$ for falsity is always available. Thus, atomic formulas are of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {false}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{i}=x_{j}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(x_{1},\ldots ,x_{k})$$\end{document}$ for some *k*-ary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R\in \tau $$\end{document}$ and variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{1},\ldots ,x_{k}$$\end{document}$. The FO *theory* of a structure is the set of all FO sentences that are true in the structure. In addition to full FO, we also use standard fragments of FO such as the *existential positive* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exists ^{+}$$\end{document}$), the *quantifier-free* (qf), and the *primitive positive* (pp) *fragment*. The existential positive fragment consists of formulas built using conjunction, disjunction, and existential quantification only. The quantifier-free fragment consists of Boolean combinations of atomic formulas, and the primitive positive fragment of existentially quantified conjunctions of atomic formulas. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ be a set of FO formulas and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {D}$$\end{document}$ a structure. We say that a relation over *D* has a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ *definition* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {D}$$\end{document}$ if it is of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \{t\in D^{k}\mid \mathbf {D}\,\models \,\phi (t) \}$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in \varSigma $$\end{document}$. We refer to this relation by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi ^{\mathbf {D}}$$\end{document}$. For example, the formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y < x \vee x = y$$\end{document}$ is an existential positive formula and, interpreted in the structure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {Q}$$\end{document}$, it clearly defines the binary relation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ge $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {Q} $$\end{document}$. This shows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ge $$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exists ^{+}$$\end{document}$ definable in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {Q}$$\end{document}$. An example of a pp formula is the formula , which defines the unary relation interpreted as the whole domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {Q}$$\end{document}$.

A *homomorphism* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h:\mathbf {A} \rightarrow \mathbf {B}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$-structures $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A},\mathbf {B}$$\end{document}$ is a mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h:A\rightarrow B$$\end{document}$ that *preserves* each relation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a_{1},\ldots ,a_{k})\in R^{\mathbf {A}}$$\end{document}$ for some *k*-ary relation symbol $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R\in \tau $$\end{document}$ implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(h(a_{1}),\ldots ,h(a_{k}))\in R^{\mathbf {B}}$$\end{document}$. We write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A} \rightarrow \mathbf {B}$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$ homomorphically maps to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$ and otherwise. We say that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$ are *homomorphically equivalent* if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A} \rightarrow \mathbf {B}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B} \rightarrow \mathbf {A}$$\end{document}$. An *endomorphism* is a homomorphism from a structure to itself. By an *embedding* we mean an injective homomorphism that additionally satisfies the only if direction in the definition of a homomorphism, i.e., it also preserves the complements of relations. We write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}\hookrightarrow \mathbf {B}$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$ embeds into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$. A *substructure* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$ is a structure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$ over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B\subseteq A$$\end{document}$ such that the natural inclusion map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i:A\rightarrow B$$\end{document}$ is an embedding. We call $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$ an *extension* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$. An *isomorphism* is a surjective embedding. We say that two structures $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$ are *isomorphic* and write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A} \cong \mathbf {B}$$\end{document}$ if there exists an isomorphism from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A} $$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {B}$$\end{document}$. An *automorphism* is an isomorphism from a structure into itself.
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Lemma 1 {#FPar1}
-------
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DLs with Concrete Domains {#Sec3}
=========================
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Undecidable DLs with Concrete Domains {#Sec4}
-------------------------------------
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### Proof {#FPar3}
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Note that, even though our proof of Proposition [1](#FPar2){ref-type="sec"} uses a functional role *g* to represent the transitions between configurations of a given two-register machine, the reduction also works if *g* is assumed to be an arbitrary role. One simply must use additional universal quantification to ensure that all the *g*-successors of an individual behave the same (i.e., for every existential quantification in the current proof we add the corresponding universal quantification).
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To regain decidability in the presence of GCIs and concrete domains, the notion of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-admissible concrete domains was introduced in \[[@CR33]\]. We generalize this notion and the decidability result from concrete domains with only binary predicates as in \[[@CR33]\] to concrete domains with predicates of arbitrary arity.
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Here JE stands for "jointly exhaustive," PD for "pairwise disjoint," and JD for "jointly diagonal." Note that JD was not considered in \[[@CR33]\]. We include it here since it makes the comparison with known notions from model theory easier. In addition, all the $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar5}
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The idea is now that one can use disjunctions of atomic formulas of the same arity within concrete domain restrictions. We refer to the set of all FO $\documentclass[12pt]{minimal}
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Definition 2 {#FPar9}
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Theorem 3 {#FPar10}
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Theorem 4 {#FPar11}
---------
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Lemma 2 {#FPar12}
-------
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Proposition 3 {#FPar13}
-------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {D}$$\end{document}$ be a JDJEPD $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$-structure. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {D}$$\end{document}$ is a patchwork iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {Age}\,(\mathbf {D})$$\end{document}$ has AP.

Proof {#FPar14}
-----
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Finitely bounded structures are interesting since their CSP and their first-order theory are decidable. The first result can, e.g., be found in \[[@CR13]\] (Theorem 4) and the second result is stated in \[[@CR28], [@CR29]\] (see \[[@CR8]\] for a detailed proof).
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The following proposition, whose proof can be found in \[[@CR8]\], implies that Proposition [4](#FPar16){ref-type="sec"} applies not only to a given finitely bounded homogeneous structure $\documentclass[12pt]{minimal}
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Proposition 5 {#FPar17}
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Theorem 5 {#FPar18}
---------
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Proof {#FPar19}
-----
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This theorem, together with Theorem [1](#FPar6){ref-type="sec"}, immediately yields decidability for $\documentclass[12pt]{minimal}
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Corollary 2 {#FPar20}
-----------
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Theorem 6 {#FPar21}
---------
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By showing that concept satisfiability in $\documentclass[12pt]{minimal}
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Corollary 3 {#FPar22}
-----------
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Application and Discussion {#Sec7}
==========================

In this section, we discuss how the results of Sect. [4](#Sec6){ref-type="sec"} can be used to obtain specific $\documentclass[12pt]{minimal}
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*(Un)decidability of the Conditions.* If one intends to use Theorem [5](#FPar18){ref-type="sec"} to obtain an $\documentclass[12pt]{minimal}
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*Reproducing Known Results.* The examples for $\documentclass[12pt]{minimal}
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*Expansions, Disjoint Unions, and Products.* When modelling concepts in a DL with concrete domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {D}$$\end{document}$, it is often useful to be able to refer to specific elements *d* of the domain, i.e., to have unary predicate symbols $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$=_d$$\end{document}$ that are interpreted as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{d\}$$\end{document}$. We can show that the class of reducts of finitely bounded homogeneous structures is closed under expansion by finitely many such relations \[[@CR8]\].

It would also be useful to be able to refer to predicates of different concrete domains (say RCC8 *and* Allen) when defining concepts. In \[[@CR5]\], it was shown that admissible concrete domains are closed under disjoint union. We can prove the corresponding result for finitely bounded homogeneous structures \[[@CR8]\]. Using disjoint union to refer to several concrete domain works well if the paths employed in concrete domain constructors contain only functional roles, which is the case considered in \[[@CR5]\]. However, if we allow for non-functional roles in paths, then using disjoint union is not appropriate. In general, if $\documentclass[12pt]{minimal}
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To overcome this problem, we propose to use the so-called full product \[[@CR10]\]. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$R\in \tau _{i}$$\end{document}$. We show in \[[@CR8]\] that the full product preserves homogeneity and finite boundedness, and thus the prerequisites for Theorem [5](#FPar18){ref-type="sec"} and Corollary [2](#FPar20){ref-type="sec"} are preserved under building the full product.

Proposition 6 {#FPar23}
-------------
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Together with Proposition [4](#FPar16){ref-type="sec"} this also yields a general complexity result for combinations of constraints over several finitely bounded homogeneous templates. Such combinations were previously considered in the literature in special cases; for example, for RCC8 and Allen \[[@CR21]\].

*Henson Digraphs.* A directed graph is a *tournament* if every two distinct vertices in it are connected by exactly one directed edge. In \[[@CR23]\], Henson proved that there are uncountably many homogeneous directed graphs by showing that, for any set $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Age}\,(\mathbf {G})=\text {CSP}(\mathbf {G})$$\end{document}$.[5](#Fn5){ref-type="fn"} Clearly, only countably many Henson digraphs can have a decidable CSP. Beside the finitely bounded ones (see Proposition [4](#FPar16){ref-type="sec"}), there is an interesting example constructed using the infinite set of non-isomorphic tournaments from Henson's original proof of uncountability. Consider the tournaments $\documentclass[12pt]{minimal}
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                \begin{document}$$(i,j)\ne (0,n+1)$$\end{document}$. It was shown in \[[@CR11]\] that the CSP of the Henson digraph corresponding to is [coNP]{.smallcaps}-complete. This digraph is a homogeneous core, and its CSP is decidable. Thus, it satisfies the requirements of Corollary [3](#FPar22){ref-type="sec"}. However, it is clearly not finitely bounded, and thus does not satisfy the requirements of Corollary [2](#FPar20){ref-type="sec"}. Conversely, it is known that the random graph is finitely bounded and homogeneous \[[@CR25]\], but it is not a core \[[@CR9]\]. This shows that the class of structures covered by Corollary [3](#FPar22){ref-type="sec"} is incomparable with the one covered by Corollary [2](#FPar20){ref-type="sec"}.

Conclusion {#Sec8}
==========

We have shown that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$-admissibility, which was introduced in the DL community to obtain decidable extensions of DLs by concrete domains, is closely related to well-known notions from model theory. Given the fact that a large number of homogeneous structures are known from the literature \[[@CR34]\] and that homogeneous and finitely bounded structures play an important rôle in the CSP community, we believe that our work will turn out to be useful for locating new $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-admissible concrete domains.

This is not the first model-theoretic description of a sufficient condition for decidability of reasoning in DLs with concrete domains in the presence of TBoxes. The *existence of homomorphism is definable (EHD)* property was used in \[[@CR19]\] to obtain decidability results for DLs with concrete domains. However, the way the concrete domain is integrated into the DL in \[[@CR19]\] is different from the classical one employed by us and used in all other papers on DLs with concrete domains. In \[[@CR19]\], constraints are always placed along a linear path stemming from a single individual, which is rather similar to the use of constraints in temporal logics \[[@CR18], [@CR20]\]. In contrast, in the classical setting of DLs with concrete domains, one can compare feature values of siblings of an individual.

Actually, they were introduced (with a different name) at about the same time as concrete domains \[[@CR2], [@CR38]\].

By a slight abuse of notation, we use \< instead of $\documentclass[12pt]{minimal}
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The lemma actually only yields an NP decision procedure for this CSP, but it is easy to see that the above polynomial-time cycle-checking algorithm can be adapted such that it also works for the expanded structure.

A similar trick for zero test elimination is used in the proof of Proposition 1 in \[[@CR16]\].

One direction is obvious, the other holds because homomorphisms between directed graphs cannot contract any edges.
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